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Abstract

A macrohomogeneous model that was studied in a previous publication under stationary conditions is used to calculate the
small-signal dynamic response of the cathode catalyst layer in polymer electrolyte fuel cells. Within this approach the effects of
reaction kinetics and double layer capacitance at the dispersed catalyst � electrolyte interface, proton conductivity of the electrolyte
network within the layer and oxygen diffusion through the gas-pore space are studied. The analytical expressions derived reveal
relationships between the structure of the layer and impedance spectra. Particularly strong dependences of the differential
resistivity on the electrode composition appear if either proton transport or oxygen diffusion dominate the voltage losses. This
happens for compositions that are close to the percolation thresholds of either proton conductivity in the electrolyte network or
gas-pore diffusivity. Due to proton transport limitations, a linear branch is seen in impedance spectra in the high frequency limit,
whereas in the low frequency domain a semicircular part arises. These results may help to distinguish the contribution of the
catalyst layer from the contribution of other fuel cell components and characterize it quantitatively. © 1999 Elsevier Science S.A.
All rights reserved.
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1. Introduction

Optimization of the structure and performance of
porous composite electrodes for fuel cell applications is a
challenging commitment, where electrochemistry, mate-
rial science and electrical engineering meet [1–6]. The
worldwide extending R&D-efforts are motivated by
economical and ecological impacts of these rapidly devel-
oping energy conversion technologies. Essential charac-
teristics of well-performing electrodes are a large active
reaction zone for the electrochemical reaction and a good
accessibility of the reaction sites to the reacting species.

In the case of polymer electrolyte fuel cells (PEFC) the
cathodes give a significant, if not the major, contribution
to the total efficiency losses due to the high overpotential
of the oxygen reduction reaction (orr). Pt-catalyst parti-
cles are dispersed in the composite structure in order to
obtain sufficient reaction rates at the typical working
temperatures of ca. 90°C. A high utilization of the catalyst

can, however, only be attained if the cathode structure is
impregnated with fractions of proton conducting material
[7–9]. Recently, some efforts have been made towards the
reduction of the Pt-amount, which is one of the major
R&D goals in view of making PEFC competitive for
commercialization. Excellent performance characteristics
of PEFC-cathodes were already reported with Pt-load-
ings as low as 0.1 mg Pt cm−2 by Gottesfeld et al. [5].

This report comprises several aspects of the structure
function optimization of PEFC-cathodes and is an exten-
sion of previous work on the theory of polarization curves
[10]. In Ref. [10] a macrohomogeneous model which
includes (i) proton transport through the polymer–elec-
trolyte network, spanning the sample; (ii) oxygen supply
through a network of (hydrophobized) gas pores, and (iii)
electrochemical reaction at the effective reaction surface,
i.e. the catalyst � electrolyte interface, was explored. The
model describes, how, due to limited supplies of oxygen
and protons, the catalyst utilization varies with current
density. Different regimes in which either the losses due
to proton transport, reaction kinetics or limited oxygen
supply prevail were revealed.
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In the present work this model is extended to describe
the complex impedance of the cathode catalyst layer. It is
shown that impedance spectroscopy can be used to
determine electrode parameters as functions of the struc-
ture and composition. This helps to monitor changes of
distinct electrode functionalities with the variation of
different ingredients, and, therefore, to control the overall
electrode performance.

The potential benefit of impedance studies of porous
gas diffusion electrodes was identified earlier by Springer
and Raistrick [11,12]. Consideration of the time depen-
dence involved in double layer charging allowed resolu-
tion of different electrochemical processes. Here, the
models are adjusted to take into account the specific
environment of cathode catalyst layers in PEFC, and the
effects of variable composition are studied explicitly by
means of incorporation of percolation type dependences.

Several important aspects of catalyst utilization and
specific effective surface area in porous electrodes have
been studied earlier, e.g. by Mund et al. [13]. More
recently, an excellent review of theory and models of
current transformation in porous two- and three-phase
electrodes was given in Ref. [14]. The basic mathematics
used here are similar to those described in Ref. [14].
However, the derivation of analytical expressions pre-
sented here goes beyond the earlier approaches. Special
emphasis is put on the calculation of complex impedance
and the explicit study of frequency-dependent effects.
Relations between fundamental parameters describing
the properties of the layer and features in impedance
spectra are derived. Furthermore, revelation of effects
due to varying electrode composition provides diganostic
tools and means for optimization of the composition.
Similar studies have been undertaken by Springer et al.
[15]. They investigated experimentally and theoretically
the impedance response of PEFC. Their method of
solution is, however, entirely numerical. Moreover, com-
position dependent effects of catalyst layer performance
in impedance spectra were not studied in Ref. [15].

2. The model and basic equations

The so-called ‘agglomerate structure model’ of the
catalyst layer is depicted in Fig. 1 (a). The model
representation is based on the agglomerates of carbon
particles, bounded together by polytetrafluoroethylene
(PTFE) which serves, in addition, as a hydrophobizing
agent in order to ensure a good gas porosity of the layer.
The voids between the agglomerates are penetrated by the
polymer electrolyte, which forms the proton conducting
pathways. Reaction acts take place at those catalyst
particles which are in contact with both carbon and
electrolyte phases.

As in Ref. [10] (see also Ref. [16]) the catalyst layer is
treated as an effective homogeneous medium, whose

performance is characterized by a specific proton conduc-
tivity sp, an effective diffusion constant of oxygen supply
D0 and parameters for the interfacial charge transfer
processes (Tafel-slope b and exchange current density i*).
Ohmic losses in the well-connected electronic conductor-
phase are neglected, so that the carbon phase will be
considered equipotential.

The system is studied under isothermal conditions.
Only effects in the catalyst layer are considered. Experi-
mentally it is possible to separate the catalyst layer
processes from processes in the backing layer by making
the latter very thin (�1 mm, compared with catalyst layer
thicknesses �10 mm). Boundary conditions are fixed at
the catalyst layer � backing layer interface. All the vari-
ables are assumed to depend only on the coordinate z (c.f.
Fig. 1 (a)), so that mathematically the problem is
unidimensional. This model was studied previously under
stationary conditions [10]. Here it is extended to include
dynamic charging processes of the electrical double layers
in parallel to the Faradaic charge transfer processes, as
represented by the transmission line shown in Fig. 1.

An essential element involved in the dynamic response
is the capacitance of the double layer formed by H+ or
H3O+ at the interface of the charged catalyst or carbon
particles and polymer electrolyte. The differential capaci-
tance is generally a function of the local potential drop 8

across the electrolyte � carbon interface. Assuming that
this variation is small in the range of 8 considered, it will
be neglected.

The general model includes ohmic losses in the elec-
trolyte, losses due to oxygen diffusion, interfacial charge
transfer and double layer charging. The basic equations
are:

#8(z, t)
(z

= −
1
s

j(z, t), s=
sp

l
(1)

(j(z, t)
(z

= −J(z, t)−Cdl(8)
(8

(t
(2)

(p(z, t)
(z

=
j0− j(z, t)

I
, I=

4FP0D0

RTl
, p=

P
P0

(3)

Eq. (3) implies Knudsen flow as the dominant mechanism
of diffusion. 8 is the local electrode potential, which
is defined as the potential difference between electronic
conductor phase and electrolyte1. The dimension-
less coordinate z is normalized to the thickness l of the
layer. Since the electronic conductor is considered

1 Note, that this definition of electrode potential, which is fre-
quently termed ‘overpotential’ in the context of fuel cell research,
deviates from the classical textbook-definition of overpotential, c.f.
Vielstich [17]. In the latter reference, overpotential is defined as the
difference between electrode potential and concentration-dependent
Nernst-potential. The notions of electrode potential, as it is used here,
and classically defined overpotential are equivalent only in the case
when local variations in concentrations are negligible, which is e.g.
realized in the limit of small electrode potentials.
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Fig. 1. Schematic picture of the catalyst layer geometry and its composition, exhibiting the different functional parts. (a) The sketch of the layer,
used for the construction of the continuous model. (b) The one-dimensional transmission line equivalent circuit where the elementary unit with
protonic resistivity Rp, charge transfer resistivity Rct and double layer capacitance Cdl is highlighted.

to be equipotential, the drop in 8 is equal to the
potential drop in the electrolyte phase. Thus Eq. (1) is
Ohm’s law in the electrolyte phase. Eq. (2) is the
continuity equation which describes the transformation
of protonic current density j into electronic current via
Faradaic processes (first term on the rhs) and the
double layer charging in the time dependent electric
fields (second term on the rhs).

The linear approximation

J(z, t)=
2i*
b

8(z, t) (4)

gives the Faradaic current in the limit of small electrode
potentials, 8+b/3, where b is the Tafel slope and i*
the exchange current density,

i*=FS0lk*(cH+)ncO2
* (5)

Here, F is Faraday’s constant, S0 the effective surface
of the Pt � PFSI-contact area, and k* the rate constant
of the electrochemical reaction; cH+ is the proton con-

centration in the electrolyte phase, which is assumed to
be constant due to electroneutrality; cO2

* is the concen-
tration, with which oxygen is supplied at the catalyst
layer � backing layer boundary. In the regime of high
electrode potentials, 8H2b, the Faradaic current den-
sity can be approximated by the Tafel expression

J(z, t)= i* exp
�8(z, t)

b
�

(6)

The double layer capacitance per unit of geometric
surface area of the electrode, Cdl, in Eq. (2) is given by

Cdl=oo0

Sdll
d

(7)

This is based on a simple estimate that uses the plate
capacitor formula. Sdl (in cm2 per cm3) is the specific
surface of the electrolyte�metal (carbon and Pt) inter-
face. d is the thickness of the double layer and o is the
dielectric constant of the medium between the mobile
protons in the electrolyte and the interface.
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In this study the possible dependence of Cdl on 8 will
be neglected. Concentrations of charge carriers in water
filled pores are about 3 M solutions in the water bulk.
This means that consideration of the so-called ‘lattice
saturation effects’ may be essential (these do not allow
a considerable accumulation of protons in the double
layer upon its charging [18]). Under these conditions Cdl

does not show a significant 8-dependence.
In Eq. (3) P0 is the partial pressure with which oxygen

is supplied at z=1. p is the local oxygen partial pressure,
normalized to P0. D0 is the diffusion constant of oxygen.
T is the temperature and R is the universal gas constant.

3. The transmission line equivalent circuit

In Fig. 1 (b) we show a discretized transmission line
with m elements (agglomerates), which mimics the con-
tinuous electrical network of the catalyst layer. Each
element consists of a proton resistance (Rp), a charge
transfer resistance (linear, Rct, or non-linear and, thus,
characterized by an apparent Tafel slope b and the
exchange current density i*) and an electron resistance
(Rel) which, however, will be neglected, being small
compared to other resistances. In addition to the obsta-
cles against charge transport formed by these resistances
double layer charging effects are represented by double
layer capacitances Cdl in parallel to Rct

2
.

The formalism for the calculation of current-voltage
characteristics and complex impedance within the trans-
mission-line framework is based on the Kirchhoff equa-
tions. If appropriate boundary conditions at the catalyst
layer � backing layer interface ( j=0, 8=8l) are fixed
then the output of performance ( jm, 8m) after every
subsequently added element (label m) in the direction
towards the electrolyte is determined by iterative rela-
tions.

The transmission line equivalent circuit has a contin-
uous limit of m��, in which the equations of the
discrete model resemble the equations of the continuous
model. Indeed, let us divide the catalyst layer into slices
of thickness le. The parameters of the transmission line
elements may then be related to the average macroscopic
parameters of the catalyst layer:

Rp=
le
sp

, Rct=
bl

2i*le

For PEFC the following hierarchy between the three
main resistances of the model is typical

Rel�RpBRct

The double-layer capacitance of a transmission-line ele-
ment is

Cdl=ee0

Sdlle
d

(8)

4. Basic solution and limiting cases

In the stationary problem it is possible to obtain
analytical solutions in certain limiting cases, when one of
the transport processes causes only negligible losses.
These approximate analytical solutions will also be used
for the calculation of the dynamic response. In the first
part of this section we consider the case when oxygen
diffusion limitations are negligible, whereas in the sec-
ond part they are allowed to be of equal importance as
proton transport limitations. The interplay between the
different limiting cases is controlled by the composition
of the electrode and by the working regime.

4.1. Fast oxygen diffusion-stationary solution

The stationary problem has analytical solutions in the
regime in which the effect of oxygen depletion can be
neglected [10]. The same regime will be considered in the
first part of the dynamic theory presented here. For the
sake of completeness the stationary solution results
which have been presented elsewhere before [10,16], are
summarized here.

The boundary conditions for the stationary solution
(superscript 0) are

j 0(z=1)=0 and 80(z=1)=8l

The value of 8l determines the proton current density j 0

that enters the cathode at its interface with the mem-
brane.

In the linear regime (low overpotentials) the current-
voltage characteristics are determined by

j 0(z)= j0

sinh
� 1

lp

(1−z)
�

sinh
� 1

lp

�
80(z)= j0

' b
2i*s

cosh
� 1

lp

(1−z)
�

sinh
� l

lp

� (9)

where we introduced a notion of the reaction-penetra-
tion depth

lp=
'sb

2i*
l


'Rct

Rp

le (10)

The electrode polarization resistance is, thus,

R=
80(0)
j 0(0)

=
' b

2i*s
coth

� l
lp

�
=
RpRct coth

� l
lp

�
(11)

2 Oxygen diffusion limitations are not shown in Fig. 1 (b). They
can, however, be considered as well within the transmission line
approach, introducing a line of dicretized diffusion resistances in
parallel to the proton transport resistances.
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In the nonlinear regime, where Tafel kinetics apply,
the stationary solution takes a parametric form [10]:

j 0(z)=2sbz tan(z(1−z))

80(z)=2b ln

>
2

lp

l
z

cos (z(1−z))

?
(12)

where

z=
' i*

2sb
exp

�8l

2b
�

Correspondingly the differential resistivity of the elec-
trode is given by

Rdiff=
d80(0)
dj 0(0)

=2Rct exp
�

−
8l

b
� le

l
f(z)

f(z)=2z
cos2(z)+z sin(z) cos(z)

z+sin(z) cos(z)
(13)

4.2. Dynamic response

In this subsection a small dynamic potential perturba-
tion is considered, which is applied at z=1. The
boundary conditions are fixed in the following way: since
we calculate the linear response to a small time-depen-
dent signal, superimposed on the bias potential at the
working point, the impedance will not depend on the
perturbation potential. The absolute value of the latter
should be small compared to b. As in the stationary case,
the dynamic current signal at z=1 is zero, i.e. djl=0,
since no protons are allowed to pass this interface.

4.2.1. Linear regime
Complex impedance in the small electrode potential

regime is given by:

Z=
80(0)
j 0(0)

=
RpZct coth
�'Rp

Zct

l
le

�
Zct=

Rct

1+ i
v

vc

(14)

similar to the stationary solution, but with Rct replaced
by Zct. Here, i=
−1, v is the frequency of the
sinusoidal perturbation, and vc the characteristic
frequency,

vc=
2i*d

ee0blSdl

=
1

RctCdl

(15)

The frequency-dependent complex impedance is

Z(v)=
RpRct

exp
�

− i
f

2
�

�
1+

v2

v c
2

�1/4

cosh
�

k cos
f

2
�

sinh
�

k cos
f

2
�

− i cos
�

k cos
f

2
�

sin
�

k cos
f

2
�

sin2�k sin
f

2
�

+sinh2�k cos
f

2
�

(16)

with

f=arctan
v

vc

and k=
l

lp

�
1+

v2

v c
2

�1/4

4.2.2. Tafel regime
In order to calculate the dynamic response to a small

perturbation (d8, dj ) at the working point (80, j 0) the
complex signals are split into their stationary and dy-
namic parts in Fourier-space,

8(z, v)=80(z)+d8(z, v) and j(z, v)

= j 0(z)+dj(z, v) (17)

For d8/b�1 (b:30–50 mV),

exp
�8

b
�

=exp
�80+d8

b
�
:exp

�80

b
��

1+
d8

b
�

(18)

The working regime is specified by the value of 80(z=
l)
8l, which determines the stationary solution j 0(z),
80(z) (Eq. (12)) and the corresponding differential resis-
tivity (Eq. (13)).

This stationary solution is used in the Fourier trans-
forms of Eqs. (1) and (2). Subtracting the stationary parts
from these equations gives equations on the dynamic
response,

d(d8)
dz

= −
1
s

(dj),

d(dj)
dz

= −
�i*

b
exp

�80(z)
b

�
+ ivCdl

�
(d8) (19)

Upon the substitution of 80(z), given by Eq. (12) into
Eq. (19) we obtain

d2(d8)
dz2 =

l2

l0 p
2(8l)

� 1
cos2(z(1−z))

+ i
v

ṽc(8l)
�

(d8) (20)

Here, we have used the following definitions

l0 p(8l)=
2lp exp
�

−
8l

2b
�

ṽc(8l)=
1
2

vc exp
�8l

b
�

(21)

The boundary conditions to Eq. (20) are again fixed
at z=1, where d8 is given some small arbitrary value d8l.
As the response is considered to be linear to a small
perturbation, d8l�b, the differential impedance does
not depend on d8l. The second boundary condition is
(d(d8)/dz)z=1=0, since no ionic current, either dc or ac,
is allowed to cross the boundary with the backing layer.
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A simple solution can be obtained when l0 p is large
compared to the thickness of the electrode. Indeed, for
this case the variation of 80(z) with z can be neglected,
i.e. the electrolyte phase in the electrode is equipotential,
and Eq. (20) reduces to

d2(d8)
dz2 =

l2

l0 p(8l)2

�
1+ i

v

ṽc(8l)
�

(d8) (22)

In this case the dynamic response of the catalyst layer in
the Tafel regime is the same as in the linear regime,
however with the renormalized penetration depth l0 p and
characteristic frequency ṽc. Due to the exponential
acceleration of the reaction rate with electrode potential,
the penetration depth decreases and the characteristic
frequency increases exponentially.

The variation of 80(z) is small (+5%) as long as
l0 p\2l. Therefore, as a practical criterion for the appli-
cability of Eq. (22), we may use inequality

2bB8lB2b ln
� lp


2l

�
(23)

where the lower boundary signifies the validity of the
Tafel kinetics. Within this overpotential interval.

Z(v)=
2RpRct exp
�
−

8l

2b
� exp

�
−

f0
2
�

�
1+

v2

ṽ c
2

�1/4

cosh
�

k̃ cos
f0
2
�

sinh
�

k̃ cos
f0
2
�

−i cos
�

k̃ cos
f0
2
�

sin
�

k̃ cos
f0
2
�

sin2�k̃ cos
f0
2
�

+sinh2�k̃ cos
f0
2
�

(24)

with

f0 =arctan
v

ṽc

and k̃=
l

l0 p
�

1+
v2

ṽ c
2

�1/4

For 8l\2b ln(lp/
2l) the spatial dependence of 80

cannot be neglected in Eq. (20). The solution of Eq. (20)
leads to a hypergeometric equation which, due to the
overall complexity, is not presented here. The outline of
this solution is given in the Appendix. Numerical solu-
tions of Eq. (20) are, however, obtained easily with
standard mathematical software, e.g. using MAPLE.
This numerical analysis is applicable under the prerequi-
site that Cdl can still be considered independent of 80(z)
and, thereby, z-independent.

The type of impedance spectra as given by Eq.
(24) is expected for the cathode catalyst layers of PEFC
in the range of overpotentials defined by Eq. (23) with
renormalized parameters prescribed by Eq. (21) and

R0 ct=2 Rct exp
�

−
8l

b
�

(25)

At v=0 the real differential resistivity of the layer is
obtained in terms of the renormalized parameters,

Rdiff=
RpR0 ct coth
� l

l0 p
�

(26)

4.2.3. Limiting frequency-regimes.
(a) For v�ṽc, the complex impedance has a linear

branch at an angle of 45° in the Cole–Cole representa-
tion, which is prescribed by

Z=
'Rp

Cdl

v−1/2 
2
2

(1− i) (27)

Here, the impedance is independent of the working point,
8l, and the frequency dependence is determined solely by
the parameters of the composite, Rp and Cdl. For l�l0 p,
the linear branch appears only at very high frequencies,

v�vs (28)

using a definition

vs=
�l0 p

l
�2

ṽc=
�lp

l
�2

vc=
s

Cdl

(29)

If for instance Rp is known from independent experimen-
tal data, the high frequency part of the impedance spectra
will give Cdl. In this limit the proton transport and double
layer charging effects determine the overall performance
of the layer.

(b) For v�ṽc, a Taylor-expansion in Eq. (24) gives

Z=Rdiff
�

1−A
� l

l0 p
��v

ṽc

�2

− i
v

ṽc

B
� l

l0 p
��

(30)

with functions

A(j)=
1
2

>
3
4
+2j

3
2
+j coth(j)

sinh(2j)

?
B(j)=

1
2
!

1+
2j

sinh(2j)
"

(31)

This asymptotic expansion forms a part of a semicircle
in the complex plane of a Cole–Cole plot. This kind of
behaviour indicates charge transfer limitations, bypassed
through the double layer charging. The center of the
semicircle is located on the real axis at

M=Rdiff
�

1−
B2

2A
�

(32)

Its radius is given by

r=Rdiff

B2

2A
(33)

4.3. Limiting thickness regimes

For l/l0 p�0, M=r=Rdiff/2, the limitations due to
proton transport are practically absent and the ac-
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response in the Cole–Cole representation forms a per-
fectsemicircle in the complex plane due to the parallel
processes of charge transfer and double layer charging,
whereas any oxygen or proton transport limitations can
be neglected. The semicircular character of the impedance
response is approximated better, the smaller the ratio
l/l0 P. For a well-shaped semicircle, the frequency in the
turning point equals the characteristic frequency ṽc. The
accuracy with which ṽc can be obtained by this simple
graphical procedure depends on l/l0 P. If this ratio is small
the method is highly accurate. For a ratio as large as
l/l0 p+1 the error of the estimation of ṽc lies within 10%.

The limiting case k̃�1 (l�l0 p, v+ṽc) represents the
dominance of charge transfer limitations due to the slow
rate of Faradaic processes. Proton transport proceeds
with a high rate and, therefore, the reaction acts are
distributed homogeneously across the layer. The appear-
ance of the semicircle is due to the parallel circuit of R0 ct

and Cdl. This semicircle is closer to perfect, the less severe
are the proton transport limitations, i.e. the smaller is
l/l0 p.

The linear response to a small signal in the Tafel-regime
is characterized by the renormalized values l0 p, ṽc, and
R0 ct. Close to the lower boundary of the potential range,
Eq. (23), the penetration depth l0 p will be large compared
to the electrode thickness. With the increase of the
electrode potential, however, the reaction penetration
depth decreases exponentially, and the characteristic
frequency increases exponentially. Once l0 p approaches l,
the differential electrode resistivity takes the form

Rdiff:
2RpRct exp
�

−
8l

2b
�

(34)

i.e. the Tafel slope doubles. This effect is due to the ohmic
losses of proton transport which become of equal impor-
tance as kinetic losses in the considered regime.

Thus, the graphical representation of impedance spec-
tra provides definite tools for a determination of the
catalyst layer parameters via the identification of the
linear part and the branches of semicircular character.

5. Effect of O2-transport

In the case when O2-transport limitations cannot be
neglected, the performance of the catalyst layer is pre-
scribed by the full set of equations, Eqs. (1)–(3).

In the following subsections two approximations will
be studied in order to calculate the effect of O2-transport
limitations on the complex impedance response of the
layer. As a start, we consider the one in which only oxygen
diffusion limitations are considered, whereas proton
transport limitations are neglected. In the second approx-
imation, both transport limitations are taken into ac-
count in the dynamic equations, but they are considered

to be still small enough to ignore the spatial dependences
in the stationary parts. The most accurate solution which
does not use these approximations can be obtained only
numerically; it utilizes the first order expressions for the
spatial variations of the stationary parts of the local
overpotential, 80(z), as well as the local oxygen partial
pressure, p0(z).

5.1. Stationary solution

First, let us study the stationary solution for the case
of negligible proton transport limitations. Here, the
performance of the equipotential layer is determined
solely by Eqs. (2) and (3). The combination of these
equations leads to

d2p(z)
dz2 −g2p(z)=0 g=

'ip
I

exp(80/2b)

'i*
I

(35)

The boundary conditions are

p(z=1)=0 and
dp
dz

)
z=0

=0

The solution of this equation is given by

p(z)=
cosh(gz)
cosh(g)

(36)

Hence, using j(z=1)=0 and Eq. (3)

j(z)= j0−Ig
sinh(gz)
cosh(g)

(37)

The parametric form of the current-voltage plots is
determined by

j0=Ig tanh(g)

h0=2b ln(g)−b ln
�i*

I
�

(38)

This solution reveals two important effects:
� Since g does not depend on p0 and I, i*8p0 it follows

that

j08p0

Hence, at a given electrode potential, the current
density is proportional to the oxygen partial pressure
at z=1.

� Since Ig is independent of l and g8 l (g= l/deff),

j08 tanh
� l

deff

�
,

with a diffusion-limited penetration depth

deff

l
=
' I

i*
exp(−80/2b).

Thus increasing the electrode thickness beyond 2−3
deff will give only small improvements in performance.
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In the case l�deff the overall performance is deter-
mined simply by the reaction kinetics, j0: i* exp(80/b),
whereas in the case l�deff the performance has a
double Tafel-law dependence on electrode potential,
j0:
i*I exp(80/2b). The differential resistivity of the
layer is given by

Rdiff=
2b
I

cosh2(g)
g sinh(g) cosh(g)+g2 (39)

5.2. Dynamic response

Let us now discuss formally the different ranges
of parameters, where the expressions can be simplified
significantly. In the discussion section we shall con-
sider the physical conditions, when these ranges are
realized.

5.2.1. Basic equations
The response to a small harmonic signal in a spe-

cified working point can be described by the same
procedure as before, by using Fourier-transforms and
splitting the physical variables into stationary and dy-
namic parts, according to Eq. (17) and

p(z, w)=p0(z)+dp(z, w) (40)

and subtraction of the stationary parts. Finally, the
equations which determine the dynamic response are
given by

d(d8)
dz

= −
1
s

dj (41)

d(dj)
dz

= − ip(z)dp− ip(z)p0(z)
d8

b
− ivCdl(d8) (42)

d(dp)
dz

=
dj0−dj

I
(43)

to linear order in the perturbations. Terms which are
of second or higher order in the dynamic variables are
neglected. Here,

ip(z)= i* exp
�80(z)

b
�

its z-dependence coming from the finite proton
conductivity.

In the high-frequency limit, v��, Eq. (43) de-
couples from Eqs. (41) and (42) which take on the
form

d(d8)
dz

= −
1
s

dj,
d(dj)

dz
= − ivCdl(d8) (44)

Therefore, in this limit the performance is determined
solely by proton transport limitations and the straight
line branch of the complex impedance, given by Eq.
(27), is retained.

5.2.2. Analytical solutions of dynamic equations.

5.2.2.1. Fast proton transport, s=�. In this
case 80(z)=80=8l. Variations in d8 are negligible.
The stationary solution for p0 is used in Eq. (42).
Differentiation of Eq. (42) and insertion of Eq. (43)
gives

d2T

dz2 −g2T=gA sinh(gz) with T=dj0−dj,

A=
ip

b cosh(g)
d8 (45)

With the appropriate boundary conditions

J=0 at z=0, dp=0 at z=1

the solution is given by equation

dj0=
A

2
!sinh(g)

g
− tanh(g)sinh(g)+cosh(g)

"
+ i

B

g
tanh(g), B=vCdld8 (46)

The complex impedance then reads,

Z(g, p0, h0)=
Rf

f1(g)

1− i
v

vf

f2(g)
f1(g)

1+
�v

vf

f2(g)
f1(g)

�2 (47)

where

Rf

2b
ip

, vf

1

RfCdl

,

f1(g)

tanh(g)

g
+

1
cosh2(g)

, f2

tanh(g)

g

The differential resitivity, obtained from this equation
for v=0, is given by the same expression as in Eq.
(39). The linear response prescribes a perfect semicircle
in the complex plane without a linear branch.

5.2.2.2. Negligible spatial dependencies in the stationary
parts of o6erpotential, 80, and O2-partial-pressure, p0.
Taking into account such dependences in the respective
dynamic parts, the following equation is obtained as
the simplest extension of Eq. (45) with due account of
oxygen transport limitations:

d2(dj)
dz2 −

l2

l2dj= −g2dj0 (48)

with

l=
�

g2+
l2

l0 p
2

�
1+ i

v

ṽc

��−1/2

=
lp

l
1+g−1

�
1+ i

v

vc2

�−1/2
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where

vc2=ṽc(1+g−1)

The solution of this equation with the boundary
conditions

dj=dj0 at z=0,

dp=0 at z=1 and dj=0 at z=1

reads

dj(z, w)

= j0

>
l2g2+ (1−l2g2) cosh

�z
l

�
−
<

(1−l2g2) coth
�1

l

�
+

l2g2

sinh
�1

l

�=sinh
�z

l

�?
(49)

This solution can be used in Eqs. (41) and (43). Subse-
quent integrations will give expressions for dp and d8.
The complex impedance takes on the form

Z=
d80

dj0
=

1
s
Í
Ã

Ã

Á

Ä

lp
2

l2

1−l2g2+l2g2 cosh
�1

l

�
�

1+ i
v

ṽc

�
l sinh

�1
l

� +l2g2

+l

cosh
�1

l

�
−1

sinh
�1

l

� Ì
Ã

Ã

Â

Å

(50)

This expression gives the limiting behaviour in the zero
frequency limit (v�0) for I�sb

Rdiff:
' b

sip
coth

�' ip
sb

�
(51)

and for (ip� )I�sb

Rdiff:
b


Iip
coth

�'ip
I
�

(52)

In the high-frequency limit the impedance is given by
Eq. (27). In the zero-frequency limit the differential
resistivity is, thus, obtained in the same form in
the limiting cases of either dominating proton- or O2-
transport-limitations. The difference between the ex-
pressions Eqs. (51) and (52) is accounted for by the
replacement of sb by I. In the high-frequency limit the
response is prescribed by Eq. (27) which is determined
by proton transport limitations. The approximation
presented here, gives, however, good results only in an
intermediate regime, in which neither proton transport
nor oxygen diffusion are the limiting processes, i.e. for
l0 p, deffH2l.

5.2.2.3. Impro6ed approximate solution. This can be
obtained from the complete set of equations, Eqs.
(41)–(43), if the stationary solutions of 80(z) from Eq.
(12) and of p0(z) from Eq. (36) are used in Eq. (42)3.
This solution will apply in parameter-regimes in which
l0 p deff+1.

One of the three dynamic variables can be removed
by combination and subsequent integration of Eqs.
(41) and (43), which leads to a relation between d8(z)
and dp(z),

dp(z)=
sb
I

(d8−d8l)+
dj0
I

(z−1) (53)

This can be inserted into Eq. (42). After splitting the
variables into real and imaginary parts,

d8=d8 (1)+ id8 (2), dj=dj (1)+ idj (2)

the resulting system of differential equations reads

d(d8 (1)(z))
dz

= −
1
s

(dj 1(z)) (54)

d(d8 (2)(z))
dz

= −
1
s

(dj (2)(z)) (55)

d(dj (1)(z))
dz

= −
i* exp

�8 l
0

b
�

cos2(z(1−z))

×
!�sb

I
+

cosh(gz)
cosh(g)

n d8 (1)(z)
b

+
dj0

(1)

I
(z−1)−

sb
I

d8 l
(2)

b
"

+vCdld8 (2)(z) (56)

d(dj (2)(z))
dz

= −
i*exp

�8 l
0

b
�

cos2(z(1−z))

×
!�sb

I
+

cosh(gz)
cosh(g)

n d8 (2)(z)
b

+
dj0

(2)

I
(z−1)−

sb
I

d8 l
(2)

b
"

−vCdld8 (1)(z) (57)

dj0
(1) and dj0

(2) are to be determined self-consistently by
an iterative procedure, using

dj (1)(z=0)=dj0
(1) and dj (2)(z=0)=dj0

(2)

3 These stationary solutions have been obtained in the complemen-
tary limiting cases, when one of the two transport processes domi-
nates, whereas the other one is negligible. Mutually correlated effects
on the performance between the stationary pressure profile (Eq. (36)),
and the distribution of electrode potential (Eq. (12)), i.e. the effect of
p0(z)-profile on 80(z)-profile and vice versa, are not taken into
account.



M. Eikerling, A.A. Kornyshe6 / Journal of Electroanalytical Chemistry 475 (1999) 107–123116

Differences between the analytical solutions and the
more accurate numerical solution are small if the reac-
tion penetration depth due to proton transport limita-
tions is large compared to the electrode thickness. In
particular for compositions with large amounts of elec-
trolyte within the layer, when diffusion limitations are
of high significance, the approximate expression Eq.
(47) works sufficiently well.

6. Parameterization of the composition-dependence

The working point of the electrode ( j0) is specified
by fixing the value of 8l. The thickness dependence is
contained explicitly in the definitions of elementary
parameters, s, I, i* and Cdl. In addition these parame-
ters are also composition-dependent. Parameterizations
of these composition-dependences are the subject of
this section. Formulae which determine explicitly the
dependence of the elementary parameters on the elec-
trolyte content x in the layer have been proposed in
Ref. [10]. Similar parameterizations, summarized in
Fig. 2, are used here. They will help us in the end to
understand the composition dependence of the com-
plex impedance.

For the conductivity, the expression

s(x)=ss

(x−xc)t

(1−xc)t
U(x−xc) (58)

is used. U is the Heaviside-step-function. The critical
exponent t is universal, i.e. independent of the struc-
ture of the composite, but it depends on the system
dimensionality. In three dimensions t:2 [19,20]. The
percolation-threshold xc depends on the geometry of
the lattice. If the pore space is highly coordinated as
in a densely packed structure where a single pore has
12 nearest neighbor pores, xc is small (:0.19 for the
site-percolation and :0.12 for the bond-percolation

problem [20]). Poorly connected pore spaces, such as a
diamond lattice, can have percolation thresholds as
large as 0.4. We will assume, here, values in the range
xc�0.1 to 0.2. ss=s(x=1) stands for the conductiv-
ity of the layer, if its macropore system is fully satu-
rated with electrolyte4.

The major pathways for O2-diffusion go through the
voids which are free from electrolyte. We approximate
the x-dependence of the parameter introduced in Eq.
(3) by

I(x)=Is

U(1−x−xc)(1−x−xc)t+d{1+(1−x)texp(1−(1−x−xc)/2)}

(1−xc)t+d{1+exp(− (1−xc)/2)}
(59)

which again rests on the percolation-type dependences
[19–21]. Here, the coefficient d accounts for the resid-
ual diffusivity due to diffusion through micropores or
polymer material as these pathways are free, if even all
macropores are ‘blocked’ by electrolyte. Typically,
their contribution to I is small, and, thus, d�1. Is is
the diffusivity of the open system, not containing any
PFSI.

The parameter for the exchange current density is
proportional to the specific area of the Pt � PFSI inter-
face which is accessible for protons as well as for O2,

i*(x)= i s*xP(x){1− [1− (1−x)P(1−x)]Z} (60)

Here, i s* is the exchange current density for the case if
all the Pt-particles on the outer agglomerate surfaces
are covered by electrolyte and if all of these sites can
be reached by protons as well as by O2. Z is the
coordination number of a single site, i.e. the number
of bonds to other sites. With a PFSI portion propor-
tional to x, only the fraction x of all Pt places is
covered by electrolyte. This is reflected by the factor x
on the rhs of Eq. (60). The product of the last two
factors ensures that the Pt � PFSI-contacts are con-
nected simultaneously to the sample spanning net-
works of electrolyte P(x), as well as to that of the gas
pores (through macropores), the last factor in curly
brackets. The conditional probability P is parameter-
ized by the function5

P(x)=exp(− (x−xm))
� x−xc

xm−xc

�
U(xm−x)U(x−xc)

+U(x−xm) (61)

Fig. 2. Composition-dependent parameters of the catalyst layer,
parameterized as a function of the electrolyte content x.

4 Surprisingly, the scaling law Eq. (58) works not only near the
percolation threshold, but approximates fairly well the whole s(x)-
dependence [21].

5 P denotes the probability with which an occupied lattice site
belongs to the infinite cluster of occupied lattice sites.
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Fig. 3. Composition dependent impedance spectra at j0=0.01 A
cm−2. The spectra are calculated analytically from Eq. (24) (lines) or
numerically from Eq. (20) (dots). The reference parameters used are
b=0.03 V, i*=3×10−5 A cm−2, s=20 V cm−2, l=10 mm. The
composition dependence is controlled by varying the fraction of
electrolyte. It is parameterized according to equations of percolation
theory, Eqs. (58)–(60) and (62), which were discussed in Ref. [10]. A
good correspondence between the numerical and analytical results is
obtained only at large x, i.e. for good proton conductivity.

and operating conditions of the layer. In this section
impedance spectra will be discussed from a physical
point of view. The expressions derived will be used to
investigate the effects of composition, thickness and
working point specification.

7.1. The high-frequency limit

The behaviour of the electrode in the high-frequency
limit is independent of any of the approximations. The
frequency dependence in this part of the spectra is
predicted correctly by Eq. (27). In the Cole–Cole repre-
sentation the response in this regime prescribes a
straight line at a 45°-angle, see for instance Fig. 3 or
Fig. 4. Double layer charging effects and proton trans-
port dominate the overall electrode response in this
regime. An equivalent circuit which reproduces this
small signal response is represented by an RC-transmis-
sion line, c.f. Fig. 1. Faradaic processes are not signifi-
cant due to the high frequencies. Since no branching or
fractality of the network is assumed, this response
resembles that of a Warburg impedance [22] with a
characteristic proportionality

�Z �8v−1/2

The proportionality constant 
Rp/Cdl is a characteris-
tic function of the composition.

A frequency-dependent penetration depth may be
defined by

lv=
' s

vCdl

l (63)

which becomes very small at large v. The plot of �Z �
versus v−1/2 will give 
Rp/Cdl as its slope. This slope
may be used in order to study composition-dependent
effects. If, for instance, the composition dependence of
Rp is known from independent ex-situ conductivity
measurements or from theoretical considerations based

At x]xm, P=1. Specific values of the parameter xm

as well of xc depend on the lattice-type on which the
model of void spaces is mapped. Critical exponents s
can be taken from experimental/theoretical studies on
percolation properties of random, composite media.
These studies suggest using s=0.4. xm is a parameter
fitted in order to obtain a smooth approach of P to 1.

The double layer capacitance of the layer, Cdl, is
determined by the specific contact area Sdl between
metal parts (carbon, Pt) and electrolyte fractions of the
connected PFSI-cluster. An expression for the composi-
tion dependence of Cdl can be written in the following
form,

Cdl=Cdl
s xP(x) (62)

where Cs
dl is the double layer capacitance of a system

that is completely filled with electrolyte. Note that the
accessibility to the gas pore-network is not a prerequi-
site for a piece of the contact area in order to con-
tribute to the double layer charging.

7. Electroanalysis of the catalyst layer by means of
impedance spectra

As we have shown, the character of impedance spec-
tra is influenced by the variation of the key properties

Fig. 4. Effect of the working point (different values of j0, as specified
in the legend) on the impedance spectra for x=0.6 and l=10 mm.
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on concepts of percolation theory, then the composition
dependence of Cdl may be inferred from this kind of plot.

From the composition dependence of Rp, which is
determined by the volume fraction and connectivity of
electrolyte in the layer, and of Cdl, which is determined
by the contact area between metal (carbon, Pt) and
electrolyte, important conclusions may be drawn about
the electrolyte distribution in the catalyst layer and its
effect on the performance.

The relevant frequency domain in which the measure-
ments have to be performed in order to reveal these
effects is determined by Eq. (28). The lower boundary on
the frequency is independent of the working point. An
order of magnitude estimate with s=20 S cm−2 and
Cdl=100 F cm−2 gives a value of vs�105 to 106 s−1

for this characteristic frequency.

7.2. Characteristic length-scales

The interplay between the two distinct, complemen-
tary transport limitations and losses due to reaction
kinetics can be rationalized by means of two distinct
length scales. These are the potential-dependent charac-
teristic reaction penetration depth, l0 p, which is due to
proton transport limitations and the characteristic
length of oxygen diffusion, deff.

Let O2-transport limitations be negligible (deff� l) and
only proton transport limitations significant, though still
relatively small (l0 pH2l). Here, the approximation given
by Eq. (24) gives good results. However, since the
impedance response in this regime is determined mainly
by charge transfer and double layer charging, the overall
effect of proton conductivity, observable in the spectra,
is small. Within this approximation impedance spec-
troscopy bears a diagnostic message only at high v, in
the linear part of the spectra, since it reveals the interplay
between proton conductivity and double layer capaci-
tance (according to Eq. (27)). If O2-transport limitations
are still negligible, but proton transport limitations are
strong (l0 p+2), then numerical solutions of Eq. (20) have
to be used for the electrode characterization.

The opposite case arises if proton transport is excel-
lent (l0 p� l), but oxygen supply is the limiting process
(deff+ l). Here, the performance is determined by Eq.
(47).

The different limiting cases as well as the intermediate
cases, for which numerical solutions can be obtained,
can be realized by controlling the composition of the
layer. Useful diagnostic tools emerging from this option
will be discussed in the following subsections.

7.3. Effect of proton conducti6ity

Typical sets of impedance spectra in the case of
negligible oxygen transport limitations are depicted in

Table 1
Calculated parameters which characterize the catalyst layer perfor-
mance in the limit of vanishing oxygen diffusivity for various compo-
sitions at j0=0.01 A cm−2 a

l*p/llp/l80/V8l/Vx v*c

9020.248 18.30.225 0.600.15
0.2140.211 42.00.30 1.77 568
0.199 3.0458.10.45 3650.198

72.00.60 0.1900.189 2774.33
0.1830.75 2210.183 5.6183.4

1856.9093.70.1770.1770.90
1667.76100.00.1740.1741.00

a Reference parameters are specified in the caption of Fig. 2

Fig. 3 for a specified reference parameter set at a current
density j0=0.01 A cm−2. Variations of the composition
are controlled by means of x (legend). Calculated
parameters of the layer which correspond to the different
x are shown in Table 1. The solid lines are calculated
within the approximation of Eq. (24), whereas the
symbols represent the numerical solutions of Eq. (20).
Evidently, where the approximate solution, Eq. (24),
works well, lines and symbols coincide. At very high
frequencies, for which the crossover from the semicircu-
lar behaviour to the straight line part occurs, the approx-
imation leads to good results for all compositions (as
shown in the insert of Fig. 3).

Considerable effects of the electrolyte fraction on the
differential resistivity are expected only for x close to xc,
when the electrolyte conductivity becomes rather poor.
In this way, the impedance spectra provide a means for
the structural characterization of the layer. The spectra
show how, with decreasing electrolyte content and, thus,
increasing cathodic overpotential the real resistivity in-
creases and the linear high frequency branch becomes
more important, since the reaction penetration depth
decreases6.

Fig. 4 shows the effect of different working conditions,
i.e. different values of j0 for fixed composition (x=0.6)
and thickness (l=10 mm). Rdiff is smaller for higher j0.
At large j0 proton transport limitations become more
severe in comparison to the reaction kinetics. The
straight line is, therefore, more significant. For a fixed
electrode composition x=0.6, the effect of the electrode
thickness l on the complex impedance is depicted in Fig.
5. Larger l causes an increase in Rdiff.

6 If l0 p is, however, small, the approximation of a constant overpo-
tential in the cathode layer becomes worse. This is indicated by the
comparison of the approximate analytical solution with the accurate
numerical solution. For a given cathodic overpotential-bias 80(z) the
approximation of a constant value for it, used in Eq. (24), will
overestimate the decrease of the reaction penetration depth.
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Fig. 5. Effect of variation of layer-thickness l on impedance spectra for x=0.6 and j0=0.01 A cm−2.

7.4. Effect of O2-transport

The opposite limit to the two cases discussed in the
previous subsection arises when proton transport is
fast (l0 p� l), but oxygen transport limitations are con-
siderable (deff+2l). This situation may be realized for
large values of x, for which a sufficient gas porosity
cannot be provided. Effects in impedance spectra
which are caused by oxygen diffusion limitations are
depicted in Fig. 6. These spectra are calculated using
Eq. (47).

In Fig. 7 the variation of the differential resistivity,
c.f. Eq. (39), is shown as a function of x for different
values of the diffusion parameters Is and d and for
different working points. A considerable effect due to
oxygen diffusion will appear in the spectra only for
large x close to 1−xc, when the diffusivity becomes
small. This effect can, thus, be used for the characteri-
zation of the percolation properties of the layer with
respect to oxygen diffusion.

Another case which can be treated by analytical
expressions is realized, when both proton- and oxygen-
transport limitations are remarkable, but not really
strong (l0 p, deff:2l). Impedance spectra are then calcu-
lated using Eq. (50). In this case the linear high fre-
quency branch shows up again, indicative of
considerable proton transport limitations. This type of
spectrum is plotted in Fig. 6.

These analytical results may, of course, be mislead-
ing if they are plotted in parameter ranges where the
prerequisites of their validity are not fulfilled. Obvi-
ously the approximation of Eq. (50) gives good results
only when the oxygen diffusivity is not too bad. When
it is poor, ‘qualitatively new features’ appear in the
calculated spectra such as two separate semicircles.
They are, however, artifacts. This becomes evident in
Fig. 6 by the comparison with the more complete
numerical solution of Eqs. (54)–(57).

8. Comparison with experiment

Experimental studies which relate effects of Nafion®

impregnation to the performance of PEFC-electrodes
have been presented by Lee et al. in [23]. These data
are reproduced in Fig. 8. They demonstrate the quali-
tative correctness of the theoretical results obtained
here. These authors found an optimum Nafion®-load-
ing (solubilized Nafion® 1100) of 1.9 mg cm−2 in the
H2/O2-PEFC-mode. The data clearly reflect the com-
petition between the three major functions of the cata-
lyst layer (proton transport, oxygen supply, electro-
chemically active surface area), c.f. also Ref. [10].

The potential dependence of impedance spectra was
studied by Paganin et al. in Ref. [24]. Potential depen-
dent features are attributed to electrode processes. The
effects observed in the Cole–Cole plots, presented
there, closely resemble the theoretical findings de-
scribed in this article.

In order to compare theoretical results and experi-
mental data, the composition and composition depen-
dent parameters, the thickness of the active layer and
the working point ( j0, 80) have to be monitored simul-
taneously. A deficiency of the model presented here is
that it does not properly include processes at the
membrane � catalyst layer interface. These interfacial
phenomena may, however, become dominant at low
Nafion®-loadings, i.e. below 0.6 mg cm−2 (according
to [23]), when the interior volume of the layer is prac-
tically inactive.

9. Conclusions

According to this study the main diagnostic features
and recipes for the characterization of catalyst layers
are as follows:

(a) If the characteristic length scales of both trans-
port processes (O2 and H+) are large compared to
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Fig. 6. Effect of finite oxygen diffusivity on impedance spectra for different compositions (x=0.6, 0.89). Spectra are calculatead within the
different approximations, given by (1) Eq. (47) or (2) Eq. (50). For different working point specifications ( j0=0.01, 0.1 A cm−2) cases of good
(Is=30 A cm−2, d=0.001) and poor (Is=3 A cm−2, d=0.001) oxygen diffusivity are compared. For poor oxygen diffusivity (x close to 1−xc

or j0 large) the approximate solution given by Eq. (50) gives qualitatively wrong results (the two resolved semicircles) and the full solution of the
set of Eqs. (54) and (55) has to be used (points).
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Fig. 7. Effect of oxygen diffusivity on the differential resistivity Rdiff and on the characteristic length deff (limited oxygen diffusivity) as a function
of x. The effect is considerable only close to the percolation threshold.

the catalyst layer thickness, then the impedance response
consists merely of a semicircle in the Cole-Cole
representation. The differential resistivity (twice the
value of the radius of the semicircle) depends mostly on
the charge transfer resistivity Rct (i.e. on the exchange
current density parameter i* and on the Tafel-slope b)
and on the working point specification, which is fixed
through 8l.

(b) An exclusive indication of proton transport
limitations is the straight line feature in the spectra. It is
more pronounced in the high frequency domain, the
smaller is the proton conductivity relative to the
renormalized charge transfer resistivity. The straight line
signature can provide information about the localization
and distribution of the catalyst and electrolyte in the
layer. This impedance response corresponds to the
equivalent circuit of a linear ladder network composed
of the distributed proton resistivities and capacities.

(c) Strong effects of proton transport and oxygen
diffusivity on the differential resistivity arise close to the
respective percolation thresholds, when one of the two
processes limits the overall conversion rate of the
electrode. These effects can be used for the determination
of the percolation thresholds of proton conductivity and
oxygen diffusivity.

Appendix A

A.1. Exact analytical solution

The starting point is Eq. (20). The substitution of
y=z(1−z) leads to

d8¦yy=
1

L2

� 1
cos2 y

+ iV
�

d8 (A.1)

where L=zl0 p(8l), V=v/ṽc(hl), and % denotes deriva-
tive with respect to y.

Substitution of x=y/2+p/4 gives

d8¦xx−
1

L2 (tan2(x)+cot2(x)+2+4iV)d8=0 (A2)

Now, a further substitution of u=sin2(x) and d8=w
sinn (x) cosm (x), where n and m are roots of

n2−n+
1

L2=0 and m2−m+
1

L2=0

is used. Here, the set

n=m=
1
2
+
'1

4
+

1
L2

is specified. The differential-equation now reads

4u(u−1)w¦uu+2[(4+2L)u− (2+L)]w %u

+
�

(1+L)2+
4iV
L2

�
w=0 (A3)

Finally this equation can be transformed to the stan-
dard form of the hypergeometric differential equation

u(u−1)w¦uu+ [(a+b+1)u−g ]w %u+abw=0 (A4)

by means of notations

a+b+1=2+L, ab=
(1+L)2

4
+

iV
L2,

g=
2+L

2

thus,
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Fig. 8. Experimental data on complex impedance of cathode catalyst layers in PEFC (H2/O2) at varying fractions of embedded PFSI, extracted
from Lee et al., fig. 5 in Ref. [23]. The constant high frequency limit of these impedance data is due to the membrane resistance.

a=
L+1

2
9
'

2
�L+1

2
�2

+
iV
L2 (A5)

b= −
L+1

2
9
'

2
�L+1

2
�2

+
iV
L2 (A6)

The general solution of Eq. (A4) is given by

w(u)=Aw1(u)+Bw2(u) (A7)

with

w1(u)=F(a, b ; g ; u) (A8)

w2(u)=u1−gF(1−g+a, 1−g+b ; 2−g ; u) (A9)
where the hypergeometric function is defined by the
series

F(a, b, g, u)= %
�

k=0

(a)k(b)k

k !(g)k

uk,

�u �B1 (radius of convergence) (A10)

and

(l)k=l(l+1)…(l+k−1), (l)0=1

First the working point has to be fixed by specifying
8l. The boundary conditions at z=1 (a fixed, finite
value of d8 and d(d8)/dz=0) must be used in order to
determine the parameters A and B. Using the solution
on dh in Eq. (19) will give dj, and their ratio will give
the complex impedance.

Appendix B

B.1. Nomenclature

Roman letters
apparent Tafel slope (V)B

cH+ proton concentration (constant)(mol l−1)
oxygen concentration at catalyst layer � backingc*O2

layer interface (mol l−1)
parameter of double layer capacitance in contin-Cdl

uum model (F cm2)

double layer capacitance-element in transmissionCdl

line (F cm2)
effective diffusion constant of oxygen diffusionD0

in the catalyst layer (cm2 s−1)
parameter of residual diffusivity, non-dimen-D
sional
Faraday constant, F=96487 A s mol−1F
characteristic parameter of oxygen diffusion, I=I
4Fp 0

D0/RTl (A cm−2)
characteristic parameter of oxygen diffusion of aIs
layer without any PFSI (A cm−2)
exchange current density parameter, i*=i*
FS0lk*(cH+)nc*O2

(A cm−2)
i s* exchange current density parameter if all Pt-par-

ticles in the layer would contri-
bute to the active surface of electrochemical re-
action (A cm−2)

J Faradaic current density (A cm−2)
j(z) proton current density (A cm−2)

proton current density entering the cathode atj0
the catalyst layer � membrane interface (A cm−2)
rate constant of electrochemical reactionk*
(cm s−1) (mol l−1)−n

catalyst layer thickness (mm)L
conditional probability that a single Pt � PFSI-P
site belongs to the infinite cluster of PFSI, P(x),
or gas pores, P(1−x)

p(z) oxygen partial pressure, non-dimensional, nor-
malized to P0

oxygen partial pressure at the gas backing sideP0

(atm)
R universal gas constant, R=8.3143 J K−1 mol−1

Rct charge transfer resistance-element in transmis-
sion line equivalent circuit
protonic resistance-element in transmission lineRp

equivalent circuit
S critical exponent in conditional probability P

effective surface of the Pt � PFSI contact areaS0

(cm−1)
effective surface of the metal � PFSI contact areaSdl

(cm−1)
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temperature (K)T
portion of PFSI-filled poresX

xc critical portion of PFSI-filled pores (percola-
tion threshold)

xm parameter in expression for P
coordinate in the lateral direction across thez
catalyst layer, normalized to its thickness l,
non-dimensional

Z coordination number of pores

Greek letters
deff thickness of active part of the catalyst layer

(due to O2 depletion) (mm)
U Heaviside-step function

reaction penetration depth due to proton trans-l

port/mm
n exponent in expression for i*
sp specific proton conductivity (S cm−1)

proton conductivity, normalized to thickness,s

s=sp/l (S cm−2)
proton conductivity of the layer if it is satu-s

rated with PFSI (S cm−2)
critical exponent in percolation dependencies oft

conductivity and diffusivity
local electrode potential, potential difference8

between electrolyte phase and electrode phase
(equipotential) (V)
catalyst layer electrode overpotential (=8(z=80

0))
v frequency of harmonic signal (s−1)
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